
Dear Judy,

Hello! I am finally getting around to writing back about the quilt problem.
Sorry that it has taken so long. I have determined that it is impossible for 5
people to pass quilts in such a manner that each person never passes to the
same person twice. However, you can pretty easily do it if you have 4 or 6
people. To figure this out, I started by thinking of the path of each quilt as a
list of numbers. Think of the people as being numbered 1 through 5 (for the
5 case, of course). I will explain the situation with 5 people, but if you don’t
want to worry about the details of why it doesn’t work, you can skip right
down to the bottom to see how to do it for 4 or 6 people. Anyway, as we pass
the quilts around, imagine keeping a list of the people who had worked on
each quilt. So a quilt being passed from person 1 to person 2 to person 3 to
person 4 to person 5 would have the list 12345. Now, since each person has a
quilt, let’s list the lists one on top of the other. This makes a 5 by 5 square.
Imagine now that we have a blank 5 by 5 grid. It will have 5 horizontal
rows and 5 vertical columns. Each row corresponds to some persons quilt.
Fill in a 1 in the first box in the first row, a 2 in the first box in the second
row, and so on. So the whole first column is filled in. A possible sequence of
passes (meaning a way to pass the quilts so that everybody works on each
one) would correspond to a way to fill in the rest of the boxes so that each
number appears exactly once in each row and each column. Like a Sudoku.
In general, any way to fill in the boxes so that each number appears only
once in each row and column is called a Latin square. There are lots of 5 by
5 Latin squares. For example:

1 2 3 4 5
2 3 4 5 1
3 4 5 1 2
4 5 1 2 3
5 1 2 3 4

The Latin square above illustrates how you passed your quilts before–
everybody just passed them around the circle until each person had worked
on every quilt. So the first person’s quilt visited persons 2, 3, 4, and 5 in
turn. Your new problem contains an extra condition, though. We don’t
want any two quilts to go through the same pass. That means we never
repeat a sequence of two numbers as we read through the rows. We need a
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Latin square where the same sequence of two numbers never appears in two
different rows.

Okay, so there may be a smarter way to solve this problem, but I just
started chasing down the possibilities. First thing is to notice that there are
only two broad ways that the first trade could go. Either A) you could pass
the quilts in one big circle, or B) two people could trade and the other three
could pass in a circle. Let’s start with A).

Case A) If the first trade involves everyone sitting in a circle and passing
their quilt in the same direction, we’ll use that first trade to number the
people. Pick someone to be number 1, then the person they pass their quilt
to is number 2, the next person number 3, and so on. This makes sense
because the numbers don’t mean anything about the people, and are really
just for convenience anyway. Okay. So we have the following beginning of
our square:

1 2
2 3
3 4
4 5
5 1

The task becomes to fill in the remaining 3 columns. So let’s consider the
possibilities. Following the 2 in the first row, we could have 3, 4, or 5. The 3
doesn’t work because the sequence 23 appears in the second row. So it must
be a) 4 or b) 5.

Case a) If it is 4, then a 5 can’t follow the 4 since 45 appears in the fourth
row. So the sequence would have to be 12435. But then consider the second
row. Following the 3 in the second row, it must be 1, 4, or 5. The 4 doesn’t
work because the sequence 34 appears in the third row, so it must be 1 or 5.
The 5 doesn’t work because the sequence 35 appears in the first row. So it
must be a 1. But this must be followed by a 5 (since 45 appears in the fourth
row), which means the second row is 23154. Okay, so now for the third row.
Following the 4 in the third row, we must have 1, 2, or 5. Again, the 5 is
out since 45 appears in the fourth row. So it must be 1 or 2. It can’t be 1,
since this would give us either 34125 (out since 12 appears in the first row)
or 34152 (out since 15 appears in the second row). The only possibility is
then that it is a 2. This gives 34215 (out since 15 appears in the second row)
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or 34251 (out since there is already a 5 in the fourth column in the second
row). So, we can see that this whole case doesn’t work.

Case b) If it is a 5, then the first row must be 12543 (we can’t have 12534
since 34 appears in the third row). Now consider the second row. Following
the 3 in the second row, it must be 1, 4, or 5. The 4 doesn’t work because
34 already appears in the third row. The 5 doesn’t work because there is
already a 5 in the third column of the first row. So it must be 1. This gives
us the second row 23154 (it can’t be 23145 because 45 appears in the fourth
row). Now consider the third row. Following the 4 in the third row we could
have a 1, 2, or 5. It can’t be 5 since 45 appears in the fourth row. It can’t
be 1 since there is already a 1 in the third column for the second row. The
only possibility is that it is a 2. That leaves possible third rows 34215 (out
because 15 appears in the second row) and 34251 (out because 25 appears in
the first row). So this whole case is out, too.

Since both of these cases fail, it is not possible to find our special Latin
square (series of quilt passes) if we start off with passing around one big
circle. So case A) is out entirely. So consider the other possibility for the
first trade.

Case B) In this case, we have two people swap and the other three pass
in a circle. This is the only other possibility because anything else would
leave somebody out of the first round of trades. So again, we’ll number our
people according to how this first trade goes. The two people who swap will
be 1 and 2, the other people 3, 4, and 5. We’ll number them so that the
beginning of our Latin square looks like this:

1 2
2 1
3 4
4 5
5 3

Now we can rather quickly see that this will not work out. Notice that
in each of the last three rows, we will need to place a 1 and a 2 in the last 3
columns. We can never put them next to each other because 12 appears in
the first row and 21 appears in the second row. So the 1 and 2 will always
have to fall in the third and fifth columns. But we have three rows where we
need to place 1s, and two columns to place them, so that would force us to
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place two 1s in some column, which is not allowed. So this whole case falls
apart.

Phew! You may have zoned out on this argument and I don’t blame you.
But I had to write it out for you :). I did find a way that you can do the
trade in the case of 4 or 6 people, though! So you just need to add someone
or kick someone out of the group. In the case of 4 people, start with everyone
in a circle. Then pass the person on your right. Then pass to the person two
steps to your right. Then pass to the person on your left. Voila! Everyone
gets every quilt, and no sequence is repeated. This gives a square that looks
like

1 2 4 3
2 3 1 4
3 4 2 1
4 1 3 2

In the case of 6 people, you can do something similar. Sit in a circle. Pass
to the person on your right, then pass to the person 2 steps on your left, then
pass to the person 3 steps away (across the circle), then pass to the person
two steps to your right, then pass to the person on your left. This gives a
square that looks like

1 2 6 3 5 4
2 3 1 4 6 5
3 4 2 5 1 6
4 5 3 6 2 1
5 6 4 1 3 2
6 1 5 2 4 3

Wow, huh?! Who knew this is what I would do with my PhD in math :)?
I liked this problem very much. Thanks for asking me, and I hope this helps.
Let me know if you have any questions or if you have any more passing type
problems you need addressed. Good luck with your quilting! Please say hello
to Martin for me. And do tell me how it works out! Thanks again,

Beth
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