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1 Judy’s Question

Is there a better way to start a morning at work than opening a routine looking email, only to find
a tantalizing math puzzle in the form of a real-life problem? The email that inspired this paper
came from the mother of a friend.

Dear Beth,
My son, Martin gave me your email address. Hopefully he already told you I’m struggling with

organizing a group project for some quilters, and can’t seem to get it to work out exactly the way I
want it to. Here’s the scoop if you feel like a puzzle. I’d certainly appreciate the help and insight.

I am organizing a round robin quilt exchange. That means a group of quilters each make a small
quilt block and trade them with each other over a period of time until everyone in the group has had
a chance to add a border to everyone else’s quilt. On the first trade day, each person passes their
quilt block to another person in the group and receives a block from someone else in that group, so
they can add a border to that block. After a month or so, the blocks are passed to another person
in that group, so they can add a border to the block and so on until everyone in the group has had
a chance to sew a border on every block.

The last time we did this activity we passed our project to the same person each time until we
got our own quilt back. If I passed my quilt to “Martha” then every time we traded, I gave my quilt
to “Martha,” which means she always had to follow my work in this game. It is kind of limiting,
since part of the fun of doing these trades is getting to meet the other people in the group.

I’d like to arrange the trades so no one ever gets their quilt from the same person, but I can’t
quite figure it out. I tried it with 5 people in a group and, while everyone gets the quilt to sew on,
the quilts are passed twice to the same person. I’m hoping there is an equation to figure this out,
instead of my trial by error method.

I think we will pretty much always have 5 people in a group, but it is possible that we would
have groups with 4 or 6 people. Is there something that will work for that, too?

Judy Gilmore

2 The Science of Squares

Let S be a set of n distinct elements—for example, S may consist of n people, or the integers 0
through n − 1. An n by n array filled with elements from S such that each element appears once
in each row and once in each column of the array is called a latin square of order n.
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Figure 1: Five quilts created by passing in a cycle. This method was unsatisfactory because each
quilter always passed to the same neighbor, which can be seen in the repeated color transitions in
the quilts. For instance, purple (color 0) is immediately followed by green (color 1) in four of the
quilts.
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Figure 2: The latin square of order 5 associated to the quilts in Figure 1. Each row represents
the path of a different quilt through the quilters: the sequence of colors in a row of the square
corresponds to the sequence of colors in the quilt, starting in the center and proceeding outward.

A round robin quilt exchange can be modeled with a latin square. Think of each row as the path
of a quilt through the quilters, labeled 0 through n−1. Let i and j be elements of S. The condition
that no quilt undergoes the same pass twice creates the condition that i should be followed directly
by j when reading across the rows (i.e. the sequence (i, j) appears) at most once in the square.
There are n(n − 1) different sequences (i, j), and n(n − 1) quilt passes must take place, so in fact
each sequence (i, j) must appear exactly once in the array.

An n× n latin square with this property is referred to as a row complete latin square of order
n, abbreviated RCLS(n). Note that the square in Figure 2 is not row complete, since the purple
(color 0) is directly followed by green (color 1) in many rows. Row completeness was first studied by
Williams in 1948, when developing designs for experiments in which treatments might have residual
effects, for example, the milk production of dairy cows on various feeds [18]. Residual effects are
also a concern in taste-testing experiments [3].

Williams himself devised a construction of order n row complete latin squares for even n as
follows. Say that the items in the set S are the numbers 0 through n− 1. The successive difference
corresponding to the sequence (i, j) is j − i mod n. Then each row of an n × n latin square has
a sequence of n − 1 successive differences. For example if n = 6, and a row of the square consists
of the sequence (0, 1, 5, 2, 4, 3), the corresponding sequence of successive differences is (1, 4, 3, 2, 5),
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which is the same as (1,−2, 3,−4, 5) modulo 6.
We call a latin square rotational if each row has the same sequence of successive differences

modulo n (such designs are sometimes also called cyclic [3]; however this has a different meaning
in the context of latin squares). In terms of the quilt exchange, this means that there is essentially
a single passing pattern that all quilts follow. Williams noticed that the sequence of successive
differences (1,−2, 3,−4, 5, . . . ,−(n− 2), (n− 1)) leads to a rotational RCLS(n) for even n.

Following Williams pattern for n = 6, we get the successive differences (1, 4, 3, 2, 5) as mentioned
above. Starting with 0 in the upper left entry of the square, and successively adding 1 for the first
entry of the next row, we get the latin square in Table 1.

0 1 5 2 4 3

1 2 0 3 5 4

2 3 1 4 0 5

3 4 2 5 1 0

4 5 3 0 2 1

5 0 4 1 3 2

Table 1: An example of Williams’ construction of an RCLS(6).

We call any latin square that has the sequence (0, 1, . . . , n − 1) in the first column and with
successive differences (1,−2, 3,−4, 5, . . . ,−(n− 2), (n− 1)) along each row a Williams latin square.

For an order n latin square to be row complete, the successive differences must all be distinct
mod n. We can see that Williams’ squares will always be latin, but will not be row complete for
odd n. This is because when n is odd there are repeats among the list of successive differences
(1,−2, 3,−4, 5, . . . , (n− 2),−(n− 1)). For example, 1 ≡ −(n− 1) mod n for odd n.

3 On the Impossibility of Squaring some Quilting Circles

Can we create an RCLS(n) for any n? A quick experiment reveals that the answer is no. Consider
the possibilities for a 3× 3 array, denoted by Q. Let Qi,j denote the entry in the i-th row and j-th
column of the array. One may rename the entries and reorder the rows so that entries in the first
row and column follow the sequence (0, 1, 2).

Q =

0 1 2

1 ?

2

The first entry up for debate is Q2,2. The entry Q2,2 must be a 0 or a 2 since there is already
a 1 in the second row. If Q is to be row complete, it cannot be 2, so it must be 0. But that means
Q2,3 = 2, which is impossible because Q1,3 = 2. So there is no RCLS(3).

When trying to answer Judy’s question for five quilters, the first thing to notice is that there
are essentially only two ways that the first trade could go. Either the group could pass the quilts
in one big cycle, or two people could trade and the other three could pass in a cycle. In each case,
the initial passes determine the first two columns of the square. Since we have fixed these, note
that we can no longer rename so that the first row assumes a particular sequence as we did in the
case of 3.
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• Case 1: Say the first trade involves everyone passing the quilts in one cycle. Without loss
of generality, assume the first passing cycle is

0→ 1→ 2→ 3→ 4→ 0.

The first two columns of the square are then determined.

A =

0 1 ? ? ?

1 2

2 3

3 4

4 0

Following the 1 in the first row, we have A1,3 ∈ {2, 3, 4}. It can’t be that A1,3 = 2 because
the sequence (1, 2) appears in the second row.

Say A1,3 = 3. Then A1,4 6= 4 since (3, 4) appears in the fourth row. So the first row must be
(0, 1, 3, 2, 4). Now consider the second row. It must be that A2,3 ∈ {0, 3, 4}. Since the sequence
(2, 3) appears in the third row and (2, 4) appears in the first row, A2,3 = 0. Then A2,4 = 4,
since 4 appears already in the fifth column, which means the second row is (1, 2, 0, 4, 3).

A =

0 1 3 2 4

1 2 0 4 3

2 3

3 4

4 0

We now see that it is impossible to fill the third row subject to the constraints because A3,3

must be 4, but then the sequence (3, 4) appears twice in the square. Thus A1,3 6= 3. By
similar reasoning, we find that A1,3 6= 4. Therefore the first pass cannot be in a single cycle.

• Case 2: Assume that on the first quilt pass, two people swap and the other three pass in
a cycle. Without loss of generality, the first round of trades gives the following first two
columns.

A =

0 1 ? ? ?

1 0

2 3

3 4

4 2

Now we can rather quickly see that this will not work out. Notice that in each of the last
three rows, we will need to place a 0 and a 1 in the last three columns. We can never put them
next to each other because (0, 1) appears in the first row and (1, 0) appears in the second
row. So the 0 and 1 will always have to fall in the third and fifth columns. But we have three
rows where we need to place 0s, and two columns to place them, so that would force us to
place two 0s in some column, which is not allowed. So this whole case falls apart.
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Judy was correct that her circle could not be squared: since no RCLS(n) exists when n = 3, 5,
these sizes of quilting circles will never work. By Williams’ construction, an RCLS(n) always exists
when n is even, so these exchanges can always be arranged for even-sized quilting circles. Can we
completely classify the possible sizes of quilting circles for which these exchanges are possible—that
is, can we determine the values of n for which an RCLS(n) exists? Further, Williams’ construction
gives a rotational RCLS(n) for all even n. For what n do there exist rotational RCLS(n), i.e. when
will there be a single passing pattern that works for everyone?

4 Passing quilts on graphs

A natural, visual way to model the quilt exchange is by drawing the paths of the quilts in a
complete digraph on n vertices. Each quilt follows a path in the digraph. These digraph paths are
particularly useful in trying to find rotational RCLS. Each vertex is a member of the circle and
each directed edge, called an arc, represents the action of passing the quilt from one member to
another. Figure 3 shows a digraph representation of the RCLS(6) in Section 2.

Figure 3: Digraph visual of the RCLS(6) in Table 1.

A Hamiltonian path in a digraph is an ordering of the vertices so that each vertex appears
exactly once and every ordered pair of consecutive vertices in the sequence has a corresponding
arc in the digraph. A Hamiltonian path would thus denote the path that a particular quilt takes
through the quilting circle.

A complete digraph on n vertices, denoted Dn, connects each pair of vertices with two arcs, one
in each direction. Creating n quilts in accordance with the quilting circle restrictions is equivalent
to finding n arc-disjoint Hamiltonian paths in Dn such that no vertex appears in the same position
of two different paths. We will call this last condition the column latin condition.

Since there are n(n − 1) arcs in Dn and each quilt would require n − 1 arcs to be complete,
every arc must be used. A collection of Hamiltonian paths that partition the arcs of Dn is called
a Hamiltonian path decomposition of the digraph. We seek a Hamiltonian path decomposition of
Dn with the column latin condition that each vertex appears exactly once in each path position.
An example with n = 4 is shown in Figure 4.

As Figure 4 shows, having a decomposition into paths where each successive graph can be
obtained by a cyclic rotation of the previous one is a convenient way to guarantee that the column
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Figure 4: Decomposing D4 into four arc-disjoint Hamiltonian paths with the column latin condition.

latin condition is satisfied. We construct another example of this property on eight vertices, as
demonstrated in Figure 5.

Figure 5: Decomposing D(K8) into eight arc-disjoint Hamiltonian paths with the column latin
condition.

These paths are arc-disjoint because each arc in the first path was chosen to be a different length,
where ‘length’ means the number of clockwise steps around the circle we take before landing on
the next adjacent vertex. Therefore, when we rotate the path no arc will be repeated. If we label
the vertices of the graphs in Figure 5 with the numbers 0, 1, . . . , 7 in the natural way, then each
Hamiltonian path gives a row in an RCLS. The resulting square is shown in Table 2.

0 1 3 6 2 7 5 4

1 2 4 7 3 0 6 5

2 3 5 0 4 1 7 6

3 4 6 1 5 2 0 7

4 5 7 2 6 3 1 0

5 6 0 3 7 4 2 1

6 7 1 4 0 5 3 2

7 0 2 5 1 6 4 3

Table 2: An RCLS(8) resulting from the Hamiltonian path decomposition in Figure 5.

The cyclic rotation property of this Hamiltonian path decomposition results in identical suc-
cessive differences (modulo n) in each row of the latin square, thus producing a rotational latin
square. Finding a rotational RCLS(n) is equivalent to finding a single Hamiltonian path in Dn

which is disjoint with each of its n− 1 non-trivial rotations.
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5 Rotational Squares and Triangular Numbers

In this section we find the values of n for which a particular sequence of successive differences
can form a rotational RCLS(n) with entries in {0, 1, . . . , n − 1}. Notice that not every sequence
of successive differences will give a latin square at all. The sequence of successive differences
(d1, d2, ..., dn−1) will give a rotational latin square if and only if none of the partial sums

∑k
i=1 di

are congruent modulo n for k = 1, . . . , n− 1. To see this, suppose that the entry in the upper left
of the square is 0. Then the first row is of the latin square will be equivalent to(

0, d1, d1 + d2, d1 + d2 + d3, . . . ,
n−1∑
i=1

di

)
mod n.

If two of the partial sums are equivalent modulo n, then the square will have repeated entries in the
first row, so it cannot be a latin square. Conversely, suppose that the partial sums are all distinct
modulo n, and assume that the first column of the square is (0, 1, . . . , n − 1). Then each row has
distinct entries modulo n, since the partial sums are distinct. Moreover, the columns also have
distinct entries modulo n, since each column is an arithmetic progression with common difference
one. Therefore the resulting square is a rotational latin square.

Further, note that a rotational latin square will be an RCLS exactly when the successive differ-
ences are all distinct. In terms of the digraph, the successive differences are all distinct if and only
if the clockwise length of each arc in a path is different. If and only if this is the case, each path will
be disjoint from its n− 1 rotations in Dn. Consider the successive differences (1, 2, 3, 4, ..., n− 1),
which play a special role in the examples in Figures 4 and 5. The partial sums for these successive
differences are the first n− 1 triangular numbers.

The triangular number Tk is the sum of the consecutive integers from 0 to k. Figure 6 shows
the triangular numbers T1 to T4 drawn as triangular arrays.

Figure 6: The triangular numbers: T1, . . . , T4.

Let S = {0, 1, . . . , n − 1} interpreted as the integers modulo n and denoted Z/nZ. Let k be a
natural number. We will show that, for certain n = 2k, the successive differences (1, 2, . . . , n − 1)
give rise to a rotational RCLS(n) with entries from S. From the discussion above, we know that this
construction results in a square with first row (T0, T1, T2, . . . , Tn−1) mod n, and that the square
will be a rotational RCLS(n) exactly when these triangular numbers are all distinct modulo n.
This is the key to the proof of the following theorem.

Theorem 1. The sequence of differences (1, 2, . . . , (n−1)) results in a rotational RCLS if and only
if n is a power of 2.
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Figure 7: A rotational RCLS(4) with successive differences (1, 2, 3).

Figure 8: Four quilts associated to the RCLS(4) in Figure 7.

In this proof, we make use of the well-known and well-loved fact that

Tn =
n∑

i=0

i =
(n+ 1)(n)

2
.

We begin with a lemma.

Lemma 1. Let Ti denote the i-th triangular number. If n = 2k, then no two triangular numbers
Ti and Tj with 0 < i < j < n are equivalent modulo n.

This is given as an exercise in Donald Knuth’s book The Art of Computer Programming [12],
which we present here because it illustrates the remarkable power of data to reveal a path to proof.
Two patterns become obvious in the following data.
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Tn mod 2 mod 4 mod 8 mod 16

T0 = 0 0 0 0 0
T1 = 1 1 1 1 1
T2 = 3 1 3 3 3
T3 = 6 0 2 6 6
T4 = 10 2 2 10
T5 = 15 3 7 15
T6 = 21 1 5 5
T7 = 28 0 4 12
T8 = 36 4 4
T9 = 45 5 13
T10 = 55 7 7
T11 = 66 2 2
T12 = 78 6 14
T13 = 91 3 11
T14 = 105 1 9
T15 = 120 0 8

First, we find pairs congruent mod 2k−1 within the first 2k triangular numbers.

Claim 1. If i+ j = 2k − 1, then Ti ≡ Tj mod 2k−1.

Proof. Say i+ j = 2k − 1. Then we see that

Tj − Ti = (i+ 1) + (i+ 2) + · · ·+ j

=
(i+ 1 + j)(j − i)

2

=
2k(j − i)

2

= 2k−1(j − i).

Therefore Tj − Ti ≡ 0 mod 2k−1.

Now, we see an incongruence mod 2k for these same numbers.

Claim 2. If i+ j = 2k − 1, then Tj ≡ Ti + 2k−1 mod 2k.

Proof. Assume that i+ j = 2k − 1. Then, as above,

Tj − Ti = 2k−1(j − i).

Since i+ j is odd, then j − i is also odd, so j − i = 2a+ 1 for some a ∈ Z. Therefore

Tj − Ti = 2k−1(2a+ 1)

= 2ka+ 2k−1.

So Tj − Ti ≡ 2k−1 mod 2k.

Proof of Lemma 1. We proceed by induction. The base case follows from the data above. Assume
that the theorem holds for k = m − 1. That means all Ti with 0 ≤ i < 2m−1 are distinct modulo
2m−1. By Claim 1, all Tj with 2m−1 ≤ j < 2m are also distinct modulo 2m−1. Therefore each
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equivalence class modulo 2m−1 occurs for exactly one Ti with 0 ≤ i < 2m−1 and exactly one Tj
with 2m−1 ≤ j < 2m. Therefore for all i, j with 0 ≤ i < j < 2m, if i + j 6= 2m − 1, then Ti 6≡ Tj
mod 2m−1, meaning Tj 6≡ Tj mod 2m. However, if i + j = 2m − 1, then Claim 2 implies that Ti
and Tj must be distinct modulo 2m.

A number that is the sum of at least two consecutive positive integers is called a trapezoidal
number [6], or a polite number [1]. The former name reflects the fact that a trapezoidal number is
a difference of two triangular numbers, which can be visualized as a trapezoidal array. In [6], it is
proven that a number is trapezoidal if and only if it is not a power of 2. This result also appears
in [8], and seems to have been rediscovered multiple times since then.

Theorem 2 (Gamer, Roeder, and Watkins, 1985). All positive integers except the powers of 2 are
trapezoidal.

We show that if a number is trapezoidal, then the sequence of differences (1, 2, . . . , n−1) cannot
result in an RCLS, because there is a repeat among the congruence classes of the triangular numbers
modulo n.

Lemma 2. If the number n is trapezoidal, then there exists i, j such that 0 < i < j < n, and
Ti ≡ Tj mod n.

Proof. Assume n is trapezoidal, so there are positive integers i and l such that

n = (i+ 1) + (i+ 2) + · · ·+ (i+ l),

and set j = i+ l. Notice that the sum can be written as the difference of two triangular numbers:

(i+ 1) + (i+ 2) + · · ·+ (i+ l) = Ti+l − Ti = Tj − Ti

Therefore n = Tj − Ti, where 0 < i < j < n, and the equivalence Tj ≡ Ti mod n holds.

We then have Theorem 1 as a corollary.

Theorem. The sequence of differences (1, 2, . . . , (n− 1)) results in a rotational RCLS if and only
if n is a power of 2.

Proof. Recall that the sequence of differences (1, 2, . . . , (n− 1)), with first entry 0 lead to the row
(T0, T1, . . . , Tn−1) mod n. By Lemma 1, we have that none of these entries are equivalent modulo
n when n is a power of 2, so all entries in this row are distinct. By Theorem 2 and Lemma 2, we
see that if n is not a power of 2, then there will be repeated entries in this row. Therefore the
rotational construction described at the beginning of the section results in a rotational latin square
if and only if n is a power of 2. Because the sequence of differences are all distinct, this rotational
latin square is row complete.

6 Square Groups

The search for rotational latin squares leads us to another area of mathematics: group theory. Let
G be a finite group and (g1, g2, . . . , gn) be some ordering of its elements. The Cayley, or group
operation, table of G is the n × n array C with Ci,j = gigj . The existence of inverses in groups
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implies that for all a, b, c ∈ G, if ab = cb, then a = c, and if ab = ac, then b = c. Therefore the
Cayley table of a group must form a latin square. Is every latin square the (relabeled) Cayley table
of some group? Not necessarily, as illustrated by

0 1 2

2 0 1

1 2 0

,

since Z/3Z is the only group of order 3 and Z/3Z is abelian, thus its Cayley table is symmetrical
across the diagonal. However, in this case, the rows can easily be rearranged to yield the Cayley
table of Z/3Z. There are latin squares whose rows can not be rearranged to yield the Cayley table
of a group, such as

0 1 2 3 4

1 2 4 0 3

2 3 1 4 0

3 4 0 1 2

4 0 3 2 1

.

Again, there is only one group of order 5, namely Z/5Z with the operation addition, which is
an abelian group. In this case there is no reordering of the rows that gives symmetry across the
diagonal. In short, group tables always yield latin squares, but not all latin squares arise from
group tables.

Say that a row complete latin square arises from a group. What restrictions would row com-
pleteness place on the group structure? It would have to be possible to order the group elements
{g1, g2, . . . , gn} so that (gigk, gigk+1) = (gjgm, gjgm+1) implies i = j and k = m for all 1 ≤ i, j ≤ n
and all 1 ≤ k,m ≤ n − 1. So row completeness is a statement about how group elements can be
ordered. This leads us to consider sequenceable groups.

A finite group G of order n > 1 is said to be sequenceable if its elements can be listed in some
order (g1, g2, . . . , gn) such that all products ai = g1g2 . . . gi are distinct. Gordon proved that if G
is sequenceable, then G gives rise to an RCLS as follows [7]. Define ci,j = a−1

i aj . Then the rows of
the array [ci,j ] can be reordered to form the Cayley table for G.

a1 a2 · · · an−1 an

a−1
1 e a−1

1 a2 · · · a−1
1 an−1 a−1

1 an
a−1
2 a−1

2 a1 e · · · a−1
2 an−1 a−1

2 an
...

...
...

. . .
...

...

a−1
n−1 a−1

n−1a1 a−1
n−1a2 · · · e a−1

n−1an
a−1
n a−1

n a1 a−1
n a2 · · · a−1

n an−1 e

Table 3: The RCLS formed from a sequenceable group.

What groups are sequenceable? From Theorem 1, we can see that Z/2kZ is sequenceable, with
the sequencing (0, 1, . . . , 2k − 1).

Theorem 3 (Gordon, 1961). A finite abelian group G is sequenceable if and only if G = Z/2kZ×B,
where k ≥ 1 and B is of odd order.
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For non-abelian groups, the question is not resolved. Several things are known, including that
the dihedral groups D3 (order 6) and D4 (order 8), and the group of quaternions Q (order 8) are
not sequenceable. It has been proven that Dr is sequenceable for all r > 4. Are there sequenceable
groups of odd order? Yes—a few infinite classes have been proven to be sequenceable [11, 17].
Keedwell conjectured that in fact all non-abelian groups of order greater than 8 are sequenceable,
a conjecture checked by Anderson for orders 9 through 32.

Gordon’s clever construction results in a latin square that is also column complete. At the
time (1961), it seemed possible that all row complete latin squares were derived from sequenceable
groups, and that perhaps the rows of any RCLS could be reordered to create a column complete
RCLS. Denes and Keedwell asked whether this was the case in their text[5].

However, in 1974 Owens proved not every RCLS comes from a sequenceable group, and that
not every RCLS could be rearranged to form a column complete latin square [16]. So while the
existence of a sequenceable group of order n implies the existence of RCLS(n) for all even values
and some odd n, results about sequencable groups do not tell us any n for which it is not possible
to construct an RCLS of order n.

Returning to rotational RCLS, we can now see that creating a rotational RCLS(n) with the
sequence of successive differences (d1, d2, . . . , dn−1) is equivalent to the group Z/nZ admitting the
sequencing (0, d1, d2, . . . , dn−1). Thus a rotational RCLS(n) exists if and only if the group Z/nZ is
sequenceable, thus (by Theorem 3) if and only if n is even.

7 A Composite Breakthrough

In 1968, Mendelsohn discovered an RCLS of size 21, the first known RCLS of odd order n > 1 [14].
Subsequently, RCLS of orders 9, 15, 25, 27, 33, 39, and 55 were discovered. Many were created
using the concept of generating arrays, introduced in 1980 by Archdeacon, Dinitz, Stinson, and
Tillson [2] and adapted by others including Higham [9]. Let q be an odd prime power and m be any
natural number, and let n = mq. A generating array is a q×n array A with entries Ai,j = (xi,j , yi,j)
in Fq × Z/mZ such that

• every element of Fq × Z/mZ appears once in each row of A;

• any given value x ∈ Fq appears once in each column of A, i.e. if xi1,j = xi2,j then i1 = i2;

• no two entries (xi1,j1 , yi1,j1) and (xi2,j2 , yi2,j2) can have xi1,j1 = xi2,j2 , xi1,j1+1 = xi2,j2+1, and
yi1,j1+1 − yi1,j1 = yi2,j2+1 − yi2,j2 unless i1 = j1 and i2 = j2.

If A is a generating array, then define the n × n array L = L(A) by Lkq+i,j = (xi,j , yi,j + k) for
integers k with 0 ≤ k ≤ (m− 1). Then L is an RCLS(mq), with symbols from Fq × Z/mZ.

Letting q = m = 3, we have the following example of a generating array and the resulting latin
square [2]:

A =

(0, 0) (1, 0) (2, 0) (0, 1) (1, 2) (2, 1) (1, 1) (2, 2) (0, 2)

(1, 0) (0, 1) (0, 0) (2, 1) (2, 0) (0, 2) (2, 2) (1, 1) (1, 2)

(2, 0) (2, 1) (1, 2) (1, 1) (0, 1) (1, 0) (0, 2) (0, 0) (2, 2)

,
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L =

(0, 0) (1, 0) (2, 0) (0, 1) (1, 2) (2, 1) (1, 1) (2, 2) (0, 2)

(0, 1) (1, 1) (2, 1) (0, 2) (1, 0) (2, 2) (1, 2) (2, 0) (0, 0)

(0, 2) (1, 2) (2, 2) (0, 0) (1, 1) (2, 0) (1, 0) (2, 1) (0, 1)

(1, 0) (0, 1) (0, 0) (2, 1) (2, 0) (0, 2) (2, 2) (1, 1) (1, 2)

(1, 1) (0, 2) (0, 1) (2, 2) (2, 1) (0, 0) (2, 0) (1, 2) (1, 0)

(1, 2) (0, 0) (0, 2) (2, 0) (2, 2) (0, 1) (2, 1) (1, 0) (1, 1)

(2, 0) (2, 1) (1, 2) (1, 1) (0, 1) (1, 0) (0, 2) (0, 0) (2, 2)

(2, 1) (2, 2) (1, 0) (1, 2) (0, 2) (1, 1) (0, 0) (0, 1) (2, 0)

(2, 2) (2, 0) (1, 1) (1, 0) (0, 0) (1, 2) (0, 1) (0, 2) (2, 1)

.

Define φ : (Z/3Z× Z/3Z)→ Z/9Z by φ(x, y) = x+ 3y. The result is the following RCLS(9)

0 1 2 3 7 5 4 8 6

3 4 5 6 1 8 7 2 0

6 7 8 0 4 2 1 5 3

1 3 0 5 2 6 8 4 7

4 6 3 8 5 0 2 5 1

7 0 6 2 8 3 5 1 4

2 5 7 4 3 1 6 0 8

5 8 1 7 6 4 0 3 2

8 2 3 1 0 7 3 6 5

.

In 1996, Higham developed methods for creating generating arrays for all odd composite n > 9,
thus proving that RCLS(n) exist for all composite n [9]. It is known that RCLS of orders 3, 5, and
7 do not exist, but existence is unknown for any larger primes.

8 The Unknown

We still would like to know exactly what sizes of quilting circles allow this type of exchange. The
preceding section shows that all composite size circles will work. The most prominent open question
in the area is whether any primes will work.

Question 1. Does there exist an RCLS(11)? More generally, are there any RCLS of prime order?

Given that there are approximately 2 × 1024 distinct classes of latin squares of order 11 [10],
significant computational power or new techniques may be required to answer this question for
n = 11.

Section 6 showed that a rotational RCLS(n) exists exactly when n is even. When n = 2k, we
have seen that (1, 2, . . . , n − 1) and (1,−2, 3,−4, . . . , n − 1) are both valid sequences of successive
differences, corresponding to different sequencings of the group Z/nZ. This illustrates that it is
possible to have more than one sequence of differences that yield a rotational RCLS for a given n.

Question 2. What other sequences of differences yield rotational RCLS(n) for n of some type?

Rotational RCLS would give rise to exceptionally simple passing patterns for quilts, where each
person follows the same pattern in the exchange. This question is certainly more accessible, and
the study of sequencings of cyclic groups may lead to new rotational RCLS.
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As a final direction for further inquiry, we introduce quiltdoku. Consider a scenario where we
would like particular quilts to be in certain places at given times. Is it possible to devise a passing
pattern that will satisfy these constraints? This problem can be phrased as a puzzle as follows:
given a partially filled in grid, is it possible to fill the remainder of the boxes to create an RCLS?
Consider the following examples:

0

3

1

1

0 1 2 3 4 5

2

4

4

2

5 0

To satisfy the puzzlers of the world, we might like to have a unique solution to a particular
partially completed grid. In creating these challenging but feasible quiltdoku puzzles, we like to
know the smallest number of clues we can give while still arriving at a unique solution. The answer
to the corresponding question for Sudoku was found to be 17 [13], but since quiltdoku puzzles
could exist for n of varying sizes, the answer will not be a single number nor perhaps even a single
formula. An immediate observation is that for n× n puzzles, if there are two distinct rows that do
not contain any clues, the puzzle is not uniquely completable, because in the solution the two rows
can be interchanged. This provides us with a lower bound on the number of clues needed, n− 1.

Question 3. What partial grids can be uniquely completed to RCLS? What is the smallest number
of clues necessary for a unique solution to a quiltdoku?
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