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Abstract. This announcement of results describes a ramified covering
of graphs Y ! X, where Y is formed by identifying a single vertex
on k copies of a (q + 1)-regular graph X. We find that the reciprocal
of the zeta function for X “almost divides” the reciprocal of the zeta
function for Y , in the sense that the reciprocal of the zeta function of
X divides the product of the reciprocal of the zeta function of Y and
some polynomial of bounded degree (which depends only on the graph
X). Two specific examples show that in fact “almost divisibility” is the
best that can be hoped for.

Introduction

The Ihara zeta function of a graph was defined by Ihara in the 1960s [2]. It was
modeled on other zeta functions in its form, an infinite product over primes in the
graph, and has some analogous properties, for example convergence to a rational
function. Ihara zeta functions have been studied in many di!erent ways. Terras’
paper in this volume surveys some current research areas and presents some open
problems. In this paper, we focus on the analogy between Ihara zeta functions for
graphs and Artin zeta functions for curves defined over finite fields, defined by E.
Artin in his 1921 thesis. Serre proved that the Artin zeta function of a covered
curve divides that of the covering curve as long as the covering is defined over the
base field of the zeta function.
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Terras and Stark have studied Ihara zeta functions extensively [4] [5] [6] and
have outlined a notion of unramified coverings of connected graphs. They found
a divisibility relationship among the reciprocals of the Ihara zeta functions of the
graphs in unramified coverings (see Terras’s paper in this volume for a proof, or [7]).
In an attempt to extend the theory of Ihara zeta functions and draw further parallels
with Artin’s zeta function, we sought a notion of ramified coverings of graphs for
which some divisibility relations between Ihara zeta functions could be found.

In 2007, Baker and Norine proved a graph theoretic analogue of the Riemann-
Hurwitz formula using a definition of ramified covering maps of graphs adopted from
Urakawa [1]. Adapting this notion of ramification, we find an “almost divisibility”
relationship between the Ihara zeta functions of some ramified covers of graphs.

In this announcement of the results proven in [3], we form a ramified cover of a
(q + 1)-regular graph X by a second graph Y , made up of k copies of X identified
at a single common vertex. We prove in [3] that the reciprocal of the zeta function
for X “almost divides” the reciprocal of the zeta function for Y , in the sense that
the reciprocal of the zeta function of X divides the product of the reciprocal of the
zeta function of Y and some polynomial of bounded degree. Two specific examples
show that in fact true divisibility does not hold.

1 Background and definitions

Let H be a finite connected graph with edge set E(H) and vertex set V (H).
We arbitrarily orient the edges so that we can refer to directions of travel along the
edges, i.e. if e is an edge with an arbitrary orientation, let e!1 denote that edge
with opposite orientation. Let P = a1a2, . . . , an be a path in H , where ai ! E(H)
for each i. A path is closed if it starts and ends at the same vertex. A path is said
to contain a backtrack if ai = a!1

i+1 for some i. A closed path is said to contain
a tail if a1 = a!1

n . Paths are considered equivalent if they are the same cycle of
edges with a di!erent starting point. If C is a closed path in H , let [C] denote
the equivalence class of C in H . A prime path in H is a tailless, backtrackless,
closed path C such that C "= Ds for any positive integer s and any path D in H .
In other words, a prime is any closed path without any backtracking that is not
simply another path traced several times. A prime in a graph is an equivalence
class [C] of prime paths in the graph. The length of a prime [C] is the number of
edges in any representative of the class and is denoted !(C).

Definition 1.1 Let u ! C with |u| su"ciently small. The Ihara zeta function
of a finite connected graph H is

"H(u) :=
!

[P ] primes in H

(1 # u!(P ))!1.

To calculate the zeta function for anything but an extremely simple graph we
will use the following, known as Ihara’s formula. The adjacency matrix of a graph
H with |V (H)| = m is an m $ m matrix where the (i, j)th entry is 1 if vertex i is
adjacent to vertex j and 0 otherwise. Also, the rank of the fundamental group of the
finite, connected graph H with no vertices of degree 1 is equal to |E(H)|#|V (H)|+1.

Theorem 1.2 (See, e.g., Ihara, Bass, Hashimoto) Let A be the adjacency
matrix of a finite connected graph H which has no vertices of degree 1. Let I be the
m $ m identity matrix. Let Q be the diagonal matrix with the (j, j)th entry equal
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(a) The cube.
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(b) The complete graph on 4 vertices,
also known as the tetrahedron.

Figure 1: The cube graph is an unramified degree 2 cover of the tetrahedron.

to one less than the degree of vertex j. Let r be the rank of the fundamental group
of H. Then

"!1
H (u) = (1 # u2)r!1det(I # Au + Qu2). (1.1)

Terras and Stark considered the notion of an unramified covering of graphs.
Intuitively, a covering is a surjective map f : H % G with V (H) &% V (G) and
E(H) &% E(G) which respects the structure of the graph. Let for a, b ! V (H)
adjacent, let (a, b) indicate the edge from a to b. A covering map requires that if
(a, b) ! E(H), then (f(a), f(b)) ! E(G), and f(a, b) = (f(a), f(b)). An unramified
covering also has the property that the fiber above each edge and vertex of G has
the same number of elements, known as the degree of the covering. Interesting
examples of unramified coverings exist, for instance the map from the cube to the
tetrahedron (see Figure 1).

Terras’ paper in this volume includes a proof that if such an unramified covering
map exists, then "!1

G | "!1
H . Ihara zeta functions of graphs have some parallels

with Artin zeta functions of curves, in which we have zeta function divisibility for
ramified covers as well. We wanted to know if the divisibility relation for Ihara zeta
functions in an unramified cover also held for ramified coverings of graphs. We used
a definition of ramified covering adopted from Urakawa (via Baker and Norine) as
outlined below.

Definition 1.3 Let H and G be graphs. A function # : V (H) ' E(H) %
V (G) ' E(G) is called a morphism if

• #(x) ! V (G) for all x ! V (H), and
• for every x ! V (H) and e ! E(H) such that x ! e, we have either #(e) ! E(G)

and #(x) ! #(e), or #(e) = #(x).

A morphism # : H % G is said to be harmonic if for all x ! V (H) and e" ! E(G),
the number of edges e in E(H) such that x ! e with #(e) = e" is the same for
each e" which contains #(x), i.e. # is harmonic if for all x ! V (H), the quantity
|{e ! E(H) : x ! e,#(e) = e"}| is constant for all e" ! E(G) with #(x) ! e".
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(a) Three copies of K4 (b) The complete graph on 4 vertices.

Figure 2: K4 and three copies of the graph around a single identified vertex.

Notice that harmonic morphisms encompass the unramified coverings of graphs
studied by Terras and Stark, but allows for the size of fibers to vary (as in ramified
covers of curves). Edges in H may also collapse, i.e., be mapped to vertices of G.
Urakawa [8] also proved that the following is a well-defined notion of the degree of
a harmonic morphism.

Definition 1.4 If # : G % H is a harmonic morphism of graphs with x ! V (G),
the vertical multiplicity of # at x is given by

v"(x) = |e ! E(G) : #(e) = #(x)| .

The horizontal multiplicity of # at x is given by

m"(x) = |e ! E(G) : x ! e,#(e) = e"|

for any edge e" ! E(G) with #(x) ! e". For # as above, and any vertex y ! V (H),
the degree of # is given by

deg(#) =
"

x#V (G):"(x)=y

m"(x).

Based on these definitions of multiplicity and degree, Baker and Norine [1]
proved a graph-theoretic analogue of the Riemann-Hurwitz formula, as well as
several other results. This indicates that harmonic morphisms could be a good
choice for generalizing the idea of covering maps of graphs to include ramification.
We consider the simplest version of a ramified covering, namely k ( 1 copies of a
fixed graph X , with a single vertex on each graph identified. See Figure 2 for an
example. Note that this fits the definition of ramified covering given in [1].

2 Announcement of results

Our main theorem is a general result for the above mentioned type of covering
of (q + 1)-regular graphs. Proofs of all the following results may be found in [3].

Theorem 2.1 Let X be a finite (q + 1)-regular graph with vertices labeled v1,
v2, . . . , vn. Let AX be the adjacency matrix for X, and suppose that AX has d
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distinct eigenvalues. Let Yk be the ramified cover of X created by identifying vertex
v1 on k copies of X. Then there exists a polynomial Pk,q(u) ! Z[u], with coe!cients
depending on k and q (and on the original graph X) and with degu Pk,q ) 2d, such
that for l ( k,

"!1
Yk

(u)Pl,q(u) divides "!1
Yl

(u)Pk,q(u). (2.1)

Remark 2.2 In particular, since Y1 = X , we have that for all l ( 1

"!1
X (u) divides "!1

Yl
(u)P1,q(u).

Here, the degree of the extra term P1,q(u) needed for divisibility is independent of
both n and k, so the failure of true divisibility is controlled.

The main tools of the proof come from linear algebra. We use Ihara’s formula to
change the calculation of the zeta function of a graph into a determinant calculation.

In the case where the base graph X is Kn, the complete graph on n vertices,
the adjacency matrices are simple enough that we can say even more. See Figure 2
for the n = 4 case.

Proposition 2.3 The Ihara zeta function for Kn is

"!1
Kn

(u) = (1 # u2)n(n!3)/2(u # 1) ((n # 2)u # 1)
#

(n # 2)u2 + u + 1
$n!1

. (2.2)

Proposition 2.4 Let Xn,k be the graph consisting of k copies of Kn identified
at a single identified vertex. Then the Ihara zeta function for Xn,k is

"!1
Xn,k

(u) = (1 # u2)r!1(u # 1)
#

(n # 2)(nk # k # 1)u3 + (n # 3)u # 1
$

#

(n # 2)u2 + u + 1
$k(n!2) #

(n # 2)u2 # (n # 2)u + 1
$k!1

, (2.3)

where r = k(n # 1)(n # 2)/2 is the rank of the fundamental group of Xn,k.

Corollary 2.5 Let Xn,k be the graph consisting of k copies of Kn with a single
vertex from each copy identified. If i ) j, then

"!1
Xn,i

(u)
#

(n # 2)(nj # j # 1)u3 + (n # 3)u # 1
$

divides "!1
Xn,j

(u)
#

(n # 2)(ni # i # 1)u3 + (n # 3)u # 1
$

. In particular, for all k ( 1

"!1
Kn

(u) divides "!1
Xn,k

(u)
#

(n # 2)2u3 + (n # 3)u # 1
$

.

Here we have a specific example of a graph Kn and a ramified cover of the
graph Xn,k, where "!1

Kn
(u) ! "!1

Xk,n
(u). We see that each term of (2.2) divides some

term of equation (2.3), except for the term

(n # 2)2u3 + (n # 3)u # 1,

which will never divide

(n # 2)(nk # k # 1)u3 + (n # 3)u # 1

(nor will it divide any other term of "!1
Xk,n

(u) when n > 3).

In the special case n = 3 we do actually have "!1
K3

(u) | "!1
X3,k

(u) for every k ( 1.

The u3 # 1 term divides into an “extra” copy of (u# 1)(u2 + u +1), where the first
term arises from (1 # u2)r!1, and the other arises from (u2 + u + 1)k.

We turn now to the another fairly simple case: the (q+1, q+1)-regular bipartite
graph. See Figure 3 for an example.
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(a) Two copies of K3,3. (b) The (3,3)-complete bipartite graph.

Figure 3: K3,3 and two copies of the graph around a single identified vertex.

Proposition 2.6 The Ihara zeta function for Kq+1,q+1 is

"!1
Kq+1,q+1

(u) = (1 # u2)q2
!1

#

qu2 # (q + 1)u + 1
$

(2.4)
#

qu2 + (q + 1)u + 1
$ #

qu2 + 1
$2q

.

Proposition 2.7 Let Xq+1,k be the graph consisting of k copies of Kq+1,q+1

with a single vertex on each of the k copies identified. Then the Ihara zeta function
for Xq+1,k satisfies

"!1
Xq+1,k

(u) = (1 # u2)kq2
!1

#

qu2 + 1
$k(2q!1)

(2.5)
#

q2u4 # q(q # 1)u + 1
$k!1

(u2 # 1)Pk,q(u), where

Pk,q(u) = q2((q + 1)k # 1)u4 + q(q # 1)u2 # 1. (2.6)

The results (2.5) and (2.6) again show that “almost divisibility” is the best
one may achieve for zeta functions of these special ramified covers of graphs. The
polynomial Pk,q(u) will not divide any term of "Xq+1,l

(u)!1 when k < l.
As true divisibility is false for zeta functions under this definition of ramified

cover, it might be useful to consider some other possible definitions of ramification.
See Terras’ paper in this volume for some experiments in this vein.
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